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ABSTRACT

Tables of generalized Rodrigues formulas for various
special functions are given to facilitate use of the ideas
in the author's "The Rodrigues Operator Transform,

5 /
Preliminary Report,'' Boeing document D1-82-0492.







INTRODUCTION

These tables give formulas for various special functions in

terms of the Rodrigues operators. These operators are defined by

(1) At = L%:—ﬁ—;)- ¥ pta # -1,-2,...
v, _TQutl) -1 -
2 K - e b -1,-2,...
v _ I(a=p) v - .
(3) B(yt" = 7t a-y ¥ 0,-1,-2,...
It W _ _T(=p)
@) Blaye" = zoziee w#0,1,2,...
(5) Mt" = ru+)e b#-1,~2,...
- U 1 U
(6) Mt g__l"(uﬂ) t
(7) Ne* = r(-p)e b #0,1,2,...
Ty o 1 u
(8) Nt e

The first four are related to the operators of fractional integration

and the second four to the Laplace transform and its inversion.
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The details of the application of these formulations are

given in "The Rodrigues Operatcr Transform, Preliminary Report,"

by T. P. Higgins.
These tables can be used to obtain many more relations. If
we use
RECe) = ¢ led),
then, for example, from the formula
-y
f(t) = A(a)A(B)MA(y)g(t),

it follows that

f(—i—) = B(a+l)§(8+1)A(y+l)Ng(%).

Many, but certainly not all, of the relations which can be obtained

in this way have been included in the tables. Using the techniques
given in the Preliminary Report, integral transform tables such as the
Bateman Manuscript Project can be used to derive additional formulas.

The notation conforms to that of the Bateman series. The symbols

are listed at the end of the tables.
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Elementary functions

1.

T AT R I RN

e

10.

11.

-V 1 - -t
(1+t) ~ = —F(v) A(v-1)Me

-log (t+1) = A(-1)M(e t-1)

(1+t)" = T('I\S Ne~Ve L/t

“log (ED) = Nie(e™Y/Eo1))

w=x _ _E() I -
(1+t) o= AO=u-DAO-D) (t+1)

TE S o €3 - R -
(1+t) TO-10) B(u)t" (t+1)

(t-1)" = T(v+) N Ve L/t

H(t-1) = Me M/t
H(t-1) = B()N(1-e"%)

L(1-0)Y = T(HDB(u+DNe "

H(1-t) = B(1)Ne ®

a
%
:
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12.

13.

14.

15.

l6.

17.

18.

19.

20.

21.

22.

23.

24.

25,

-1/t

H(l-t) = M[1-e /%]

L. L A+ %)Mt%sinh(Z/E)
e

M) ™!

(1]
L}

g r—(\)—lﬁ-)- B(w+L)N. (1-t)"
et = B(I)NH(1-t)
e F @ =At-LEd " ® 0

e = ‘é'(u)l:ue-t

e = . B(-%)Nt-l/isinh(Zt-!i)
3

e Mt L B)Nea+e) !

-1/t 1 PRI
e i reavsyy A(vMt ".(t-1)
et o Mue-1)

s /4
e-t . B(-;-)Ne-t
Jr
Y
et = L Nt!ie-tﬂ'
/7
e.llt = I-\(-l)‘lT(u-l)t-ue'-l/t

ces TOBMEEMST AT ey~
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e - o
B, ef & 28(%)8(— %): et
o "
27. e e ¥ A(- -Jz"')Me 1/4¢
e
-4
8. ot el anmMeTEE
2/
29. e Mt. A-DRG-1)t et
= - o
30. et = 2A(- %)A(- %):!‘e :
31. sint = M(4t) 7t
32. sin t = A(-1)t cos t
33, sin(t + Hzl) = -B'(u)tusin t
34, cost = ﬂl‘#(l-ﬂ:z)‘-1
35. cos t = A(l)t-lsin t
¥ 36. cos(t + le) = Tu)theos ¢t
37. tan i(t) = A(-1)M sin t
e iy =

Ml T T e i




38.

39.

40.

41.

42,

43,

44.

45.

46.

47.

48.

b

tan-l(%) =N sin(%)

sin(tl’) - /T’Tﬂ'tlie't/lo

cos(t) = /K- Hiflet/4
cos(c®) = A b Hain(e)
stn(t™) = ';—'T B 2/4t
ost ) .5 ﬁy(%)we-l/z.:
cos(t™? = BTyt since™
stnh(c®) = 2L Fiet/4

cosh(t?) = /7 K(- %)ﬁet/l‘
stnn(e ™% « 2 FNe 51/

cosh(t-!’) = /,T'B'(%)N’et/lo




Polynomials
1. P’:"-u(l-—t) -4 -'.ﬂ)-i'(u)Pn(l-:)

(#u-tg, A=u-ts) o LO+u+n#) 1 (2)) O = B
2. P v -t) T O45) I (2)4n) Ay = DAG+u - C G-t)

3. c;n(:!‘) . A(mir-DR(- 3 (e-1)"

'F(A)

i L % .0
= EYEY) A(n + ) - 2)t (t-1)

X =1 - 'L 1 _ n
5. Gt %) =5 T B(nﬂ)B( )t " (1-t)
A s _ Y 1 -%-n
6. C2n+1(t ) = TS B(n + ) + )B(l)t (1-t)"°

s | zn 1 -~ =
7. .10 (f - Lt § )@ i

T()T (2n+1)
2n+l
A=k A [ (A+n+e)
8. .(1-t)" Cy (e % - F(A)F(2n+2) BG; )B( n. (-0

2n - = g
9. .(:-1)*'%c§n(:'%) - 2_LOdn¥y) o, %)A(—n—x)t D Rl

T(M)T(2n+1)
PR ) - _z_n:l_()‘ﬂ A(-2)A(~n-)- Lyen (-t
LA S Ve N O T(A)T(2n+2) A g ;

L /_ 1 _1\0
11. Tzn(t ) = ™ A(n- 1)A( )(t 1)

-



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

-

i _ Yo (n¥) P TN PR
T2n+1(t ) n! A(n Z)t (e-1)

N
) I'(n)

- 1, -n n
T, (¢ B(a)‘é‘(;): (1-t)

=g /;gnﬂﬁ 1 -n-% . __.n
Ty (6D = B(n + 2)3(1): (1-t)

N
TZn(t ) r(n)

H(1-t) (1-t) " 'E(% - ek -p)™L

- by o /m ool _eyD
H(1-t) (1-t) L’szl(: ) = B(Z)B’( n).(1-t)

H(t-l)(t-l)-%Tzn(t-l!) = -I.L’T-—

1 -n n-1
s Mt E)K(-n)t .(t-1)

- -l, -/_; - l -Liun . n
H(t-1) (t-1) %T2n+l(t ) = ) A(-n - 2)t (t=1)

5 el L Ly (e-1)®
P, (£ = 77 Aln - PR(= ) (e-1)

pzml(:") = -nl—. A(n)ti(t-1)"

b 1 1l % .,k
H(1-t)P, (£ = T '5(2 n)t 2, (1-t)

(t% = L 5 B(%)%’(—n).u-t)“*”‘i
F(n + ‘E)

H(1-6)P5 41

N lel, -0, .0
P2n(t ) = = B(n + 2)8(2)t (t-1)



24,

25.

26.

27.

28.

29,

30.

31.

32.

33.

34,

35.

Ppyy &) = L BrE W)™ (-1

n

';5 _L_ - - pa
H(E=1)P, (£7%) = s AC DA (-n-Y)t

H(e-1)P, .. (t7%) = —L 3

2n+l I(n + 'f)

L:(:) - 3—%)-1'(0.)?(1-:)“
et - ﬂg:‘.‘—”)—'é'(ml)ﬂ't'“(:-l)“

L:(t) = :—, etl\((x+n)-K(cx)e-t

(t l)qu(t 1) e_-_EA( -n t a+n
. (t= a(t-1) = = n)t e .(t-1)

a, -1 /t

L (") = -lTel/t

] B(atn+1)B(atl)e

T'(a+n+1)T())
F'(o+l)T (a+1)T(A4+u)

Lo(t) =

Lz(t-l) - I'(a+n+1)T())

F(n+1)T (a+l)T (A+u)

L3 () = LR o) R(ta) Ll (e)

LTy - LettmtD) g Fura)nl (07

T (a+n+l)

—L— A= HRn-1 e (-1

A(u+x-1)'K(x-1)2F2 (-n, A 3041, A5 t)

B(uu)%'(x)zpz(-n,x;a+1,x+u;:’

~
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(1%)6*“9:‘“’8*“)(1:2:) = A(-8-p-n-1)A(-g-n-1) -

L(=B8-p)
I (-8-u-n)
« -0 %08 (132¢)

T (a+n+l)T())
n!T(a+l)T(A+p)

Pr(l(!oe)(l;zt) - A(A"’U-I)K(A‘l) *

. 3F2(-n,n+a+8+1,)\;a+1,)\+u;2t)

(0,8 oo31y o (=DT(B4nt1IT (M) } e
Pt (2ed1) = Ao A DA(A-1)

. 3F2(-n,n+u+8+1,k;8+1,A+u;:t)

Totnt)T ()
(1%t) P(“ 8) (132t) = F(EIT;;(L:) 3Fp (a#ntl, =80,k ja+l, My £t)

(14t) p(‘" 8) (142¢) = A(at+n) R (a)A (-8-n-1)Met

—1
n:T(-8-n)
M, r v 1"

ok -0
nil(ptv)

c) (£ = A(v+u-1)'A'(v-1)3F2(-n,n+x,v;%,m;:)

3 n
Dl 2 W D
2n+1 n!T (ptvs)

T oolye
A(vHu=D)A(v=1)t* -
13 I8
3F2(—n,n+x+1,v + 2,2,u+v + 2,t)

p‘r‘l"“""'“(l-:) = F—((E—Iﬂ—%z A(a)A(u+a)Pa B1-t)
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44. Pg'“’8+“(t-1) -

I (g+u+n+l )

T (8+n+l)

A(s)'K(e+u)P:' B(e-1)

-

-



Legendre functions

(1m0 FpH (Y .
Lm0 T 2R ()
.(1-:)'“/2P:(c'”") .
.(1-:)'“/2P‘\j(:l"“) =

.(t—l)-U/ZPs(t-%) 2

.(t-—l)'”/zpt(t_%)

.(t-1)‘“’2P:(t"”“) 3

.(t-l)'“/zP:(t"l‘)

-12-

2Y >~ l-v-p . b (v-p=1)/2
r( 2 )

_L .B-(l + V_;E) tli. (l_t)-l-(V+U)/2

rC- 43

2“3’(1—'1‘2‘—")'!'3'(1 = -“;—")N'c‘”ie't
2p@EEETQ - L et

u — i =
—lfv-_—) Ad - DE(- L v/2 (g (=) /2
rddey

2

2wy (v1)/2 ~1-(v+u) /2
e 2;.&) A(2 1)A(2)t .(t-1)

PAE - DR "ZLI)T\'(g)ﬁ:'(“”)/ze'”‘

x ZuA(_p;_l_)‘K(_ yz_l)z(_}g)‘ﬁt-u/Ze-l/t

9. p:_“(1+2t) = () A /28 %)z(%x)tU/z(“t)-“zP:(HZt)

10.

11.

.(1-t)(“'”/2P$'“(1-2t) . A(—%l)z('}i—;i)tU/z.(l-t)-)‘/zp\)‘)(l-Zt)

10 M 2P

1
A 2PTAEHTA - EYREQ) %2

e
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13.

14.

15.

16.
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Besgsel functions

v
1. eitJv(t) 3 -i—_ A(- )A( )eVedlt

n

v -
2. sintJ (t) = & A(- HA(w)tYsin(2t)
v Jo 2

V - -
3. stn(e HI &7 « & Bt Vsin D)
v '/; 2 t

2v-l

4 sintJ (t) = - A(- %)K(V)A(l-v)‘i\'(-v):"'lcos(u)

n

-1 i
5. stn(e ™I (¢7h) - - =8 BG)B(+1B(2-0B(1-v)t

m

vcos(%)

v -
b cap Bl (t) & 2= Ag= %’)A(v)tvcos(Zt)
R /T

V1 1= -yl
7. costJ (t) = A= 2)AMWA(I-V)A(-v)t™ “sin(2t)
v Vs 2

il

v bl i
8. cos(t_l)Jv(t-l) = j—; B(%)B(wl)c vcos(%)

v-1

9. cos(t—l)Jv(t-l) 2 B(-zl-)F(M)B(z-v)'é'(l-v):l‘Vsin(%)

n

1-v
10. Jv(c”) -2 A(%)K(%)c("'”’zsm(t")

m

1. J (:”) - 7_ BT /200

n



12.

13,

14,

15.

16.

17.

18.

19.

20.

21.

22,

23.

-\
J(th =2 p(-
VU
3% = 2= 8B Bhe
7

J (t%)

1-v
7% =2

Jv(t

Jv(t

Jv(t

I (% = 2R )Mt

Jv(t

-

-5) L2

-3

) 2 2 FE + DR
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v/2 )

v+1 cos(t®)

)A( )t

n

g+l —(v+1)/2

ki
%)

B( )B( ) sin(t
/_

( )B(vZZ) (1-v)/2

n

) = 2 A(— _ l)A( v+1) +v/2
-

n

vl

A(- l)A(
n

-

v+2, =-v/2

€™ = = BT

m

cos(t

v/2

V -_—
) = ;—_A% - DA(- "*Tl): sin(t

m

v/2 t/4

-v/ 2e-1/lot

Yy o Mg (Nl Rty u/2 %
L) = 2FAAGTIETT T ()

*

My o o Mp Moty u/2 Y
3o, (6D = 2BEGHBAEH N

sin(t

) (v+1)/2

)

cos(t

sin(t

)

s

-li)

cos(t

-k

)

)

<35

)

-

"
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Iyt ™ =2 gt a2 ¥ (t"’)

3, (7 - 2 AR ARy w2y (o

VTu

T 1,21, 2

Jv(t) " TOOT(HD A =v-1)MeY F (w—l A, ( )

-1 2"V x+1
Jv(t ) " TOOT(D) B(A-w)Nt™V F (v+l,> A (—at) )

P BT, T i .t
I, (6D = T oy AGrDMET T, (b + 5 v vHL- )
J (t';i) - —————2-\’ B( )Nt-"/ F ( + =, vtl;- 1)
v T(u¥s )T (vt1) °W¥ D z' 4t

2 -
[JV(:*)l . :,1—_ A(- %)Aw)c"’sz(zc”)
n

2
X L as LRVt
[Jv(l )] - A( 2)A(v)Mt e

2
« L F -v/2 -
)] r B(Z)B(v+1)t Jv(2t )

n

[J\,(t'Li

2 = PRy
(3] = L edF+nB TVt
v I 2

n

4 N W ¢ 1, (v-1)/2 4
I, (DI, () = '/_A(v -t J, (29

n

5 5 . L% L A vt
J, (DI %) = /“_A(v - PREMET e

-l
v o



36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.
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3,673 @™ - B-i/f_l‘i(w DHeA™2; (2™

ks T > 13
I (7Y - = BB + TGN

k L I SRS | v
3, (DY (£ /_A( 2)l'(v)t

n

/2

)5
Yv(Zt )

B-ve-llt

% - [N S ¢ -v/2 i
SRV B BBy (267

3,(8) = M1 (/2 :*)Iv(/i %)

1 k L
3,60 B(1)NJV(/E /t )Iv(/i /1t

(Bz-uz)t

Jv(2u8t) = e

Jv(ZQBt-l) . e

(82-a2) /¢

272Yr (3

[3,(t9)? -

b % o
3 (EHI_ ()

b 2¥ v 1oy, -y
rh - - L sgBdae

v+l
Y (th) = 2— B¢
b e

r(\)sin(mv)

(v

vl
2

2

(r(vl)1°r(x+u)

Ir(a+u)

/

OB T

2

C

v/

)

os(t

2sin(t

b ks
MJ, (28t )Iv(2at )

)

] -4
B(l)NJv(ZBt )Iv(Zut )
/\()\'l-u-\)-l)x()\-v-l)21":3 (A,v+ —;';H'u sutl, 2v+1;-t)

A(u+A-1)K(A-1)2F3(%.A;1+v,1-v,x+u;-t)

4%;' ""%-@
(



48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.
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vil, v/2

-k
2 =)t )

cos(t

'!i - l-_v v o_ L
Y, -/_A(z DA(-

n

(™ - /_ 28 LR ¥ - e et

n

Yy o oMo ok v, u/2 Y
Y, (e = 27BEBATh M oy )

Y (7 < AT 2y 2y ()

v=u

2

ctn() 13, (917 = csc(II_ it D12 = # AG- DY (2%

2 1 1, u-k
[cos(t)J%_u(t)-ain(t)Yk_u(t)] = B(2 u)ﬁkz)t sin t

s - -
[sin(t)J&_u(t)+cos(t)Y5_u(t)] .2 = B(% - u)B(%)tu %cos ¢t
I l T PN TR % N7 TR ¥
(3, (EDY_ (£%) +I_ (DY (cD)] - B( v)ﬁ’(z)c 3 (2%

v/2

4 M .o Lo Bd %
T (€Y, (€5 = - - B wBe 4 e

[cos(vm)d_ (tH-sin(vm)¥ _ (D] = 28T /% (e

(3,(DI_ (D1 (DY (D] -'/—_B( wBdev/?

n

%
Jv(Zt )

(cos(w)y_u_v(:")-sm(w).r_u_v(:")1 - 27p(- MY /2y (¥
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60.

61.

62.

63.

64.

65.

w9 e - 14 2" B 5B (- Y
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B9 (™ = 1/ 2V A SLHR(- 2
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(G DI NS TRV -u/2,.(3), %
' (2% = BB - we HLo ()

b 2
v/Z[H(j) t L)

2

‘s b

2 2

() =%y - oHp v v o_ u/2,(4), -
BT = %G - DRG - w - D e

2t ?

2t

3=1,2

j=1,2

j=1,2

j=1,2

i=1,2

(j)

2t

)le2

-
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Modified Bessel functions

1.

10.

11.

2" e, 1l . vo2t
I (t) = =¢e "A(- DDAVt e
v /o 2

v
1 (7] - 2 M
R R

n

BB Vel

I (t!i) . z-vx(g)ﬁ'tv/Zet/lo
v 2
1\,(:"’) - B + 1N V/2 176t

2 L d
(1,691 =L A HRwe 2 (2o

1
o2
2
[r,(cH]
(1 (t";’)]2 -l B(l)g(vﬂ)t-\’/zl (2t-;’)
v iy 2 v

2
(™% =L adFTrnTa)Re vel/t
v A 2

I, (t) = £t A- Mt /7
v/2 /e 2 v £
mn

<1, .1 -1/eg, 1 -k
Iv/z(t )-/;e B(z)mv‘z‘/z—‘ )

N (T WA e Ty TS ONSTY & S
LoD = 2PACEHREEY /21 (%)
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v/2 k

12. 12\)(3’) - 27VR(w)t I (%

/2 %

i NP TRV VS 7 AT, AT 7 AT
13. Iu+v(t ) 2 "B( 2 ) B¢ 2 Yt Iv(t )
L. 1, (t 2y« 2B B2 (7Y

15,

-1

16. Iv(Zaet )= e
e;tZ-v v
7 1,0 = FaDroew AO-DMe
+(1/8) p=v
-1 e 2
8. 1,67 = FnrGa PN
2"
190 1,00 = Fan TGy MODMEF
-1 2¥ v
20. Iv(t ) = (AT () B(A)Nt

21.

-1
22, Iv(t )

v +| -
23. 1 (¢) = 2 T(v#s) e+t
Y Vi T (u+2v+l)

O AT AN O, e R X X . o

laF Lot L (UL INNL N

2.2
I (2a8t) = e @ My 20’y (28c
v \Y] \Y]
(a2+82)/t -l -4
B(I)NJV(Zat )Jv(zﬂt )

F (v + -;—.Zvﬂ.;k+v;22t)

(v + 2,2v+1 A2t )

A+y A+v+1

(WI’ 2 »

AT %) )

Fylvtl Aty

’ 2 L 2 ’ l.t) )

-t
1) = -"-(!}—“2_)-9— 2R ()M’ (1-2¢) ™V 7%
n
-1/t
- I_Q'_ttz/.l_g._ 2V§(V+1)Wt!§(t-2)-v-;,
m

AGu+)R(V)EY R 2,u+2v+1 +2t)

om

—— ., @ o -
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= vepy o DT(a#D)T(B) e 8 a,8 .3
F2(a+n+1,—8 n,a;a+l,b;tt) T (otn+1)T (a) A(a=1)A (b-1) (1+t) P (142t)

Fz(—v,1+v,x;1-A,x+u;t)H(1-t)

. ﬂﬂui-')'—(l‘ll A=K -1t 2, (1-0)” ”zp"(l -2t)
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71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

3F2(31585,8535b),b)5t)
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F(bz)A(bz-l)ﬂSFl(al.az,a3;b1;t)

Fz(al,az,a3;bl,b2;t) = F(b ) A(b l)M (al,az,a3,b1 b2 b3;t)

1
FZ(al’dZ’aJ’bl’bZ't) = r(aj) A(aa-l)Mze(al,a2,b1,b2.t)

Fz(al,az,a3;b1,b2;t) F(aa)A(a l)Man(al,az,a3,84, bz;t)

N r(b))1(by)
Faa)saz,agibyabys-t ) = M@ (@i (ay)

B(a))B(b))B(a,)B(b,)B(a,Ne L/

1 -2, r(2b ~2a -a

1. 1 - 1(2b) 1.2 1
3Fz(al,az,a + = > b,b + ot ) F(Za ) B(Za )B(2b )t (t°-1)

JFp(-n,m+1,231,b;e 70 - %{3} Ba)B(b)P_(1 - fo

a.+1 -1 r'(b)nir(a,) 5a1 2
3 2( n, n+a1,32 T,b;t ) = m B(a )B(b)C a - E)

-1 ~ -~ -1
Fz(al,az,a3,b1,b2,t ) = F(bZ)B(bZ)M3F1(al,az,a3,bl,t )

-1

P " -1
Fz(al,az,a3,b1,b2,t ) P(b ) B(b )M (al,a ;b,,b,,b

333D)sbysbyit )

-1
3F2(a1,85:a55b),b, 5t 7) r(a )

B(a3)M (a bl,bz,t )

-1

1
3Fz(al,az,a3,b bz,t )

17°82°033:3,3b byt )

P(aa)B(aa)Man(a

(Ao

R S N

:
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82.
83.
84.
85.
86.
87.

88.

89.
90.

91.

m n_'_1(:3 ...,am;bl,...,bn+1;t) = I‘(bn+1)A(bn+l-l)Man(a1,...,am;bl,...,hn;t)
Fa,ee e b it) = =t A(b_, 1M F ah bt )
mn 1 L L 1* r ) n+1 oo ML 1’77 "n+l”
n+l
1 )
m+l n(al,...,am+1,bl,...,b ,t) tJ r(a ) A(am+1-1)Man(aly""a ’bl)"')bnyt)
m+l
mFn(al,...,a ’bl’ ..,bn;t) = r(aml)A(anﬂ-l-l)Mman(al‘""am+l;b1""‘bn;t)
b b+l btn-1 ¢ c+l cin-1 n, _T(c) _ _ _,n,-a
1T @i pr T T T e ) = Ty A DE(e-1) (1-t™)
b b+l b+n-1 ¢ c+n-1 (D P "
PGt sy St = S AG-DA(e-De

ok
mF (al ya ’bl’. |bn| t )
- Lac- b il 2 A A B 2 P Pae coene2 1
Jr 2m2n2’2’ 2 P 7 NIt 9ol o) ™
) S S A e
mn+1(al""’am’bl""’bn+l’t ) (n+1)B(bn+1)NF (al,...,am,bl,...,bn,t )
F (ajs...a ;b ...b;c"l)--—l—-B(b IN (a),00sa 3b 4000 sb e~h
mn  1° i 1’ * r(b ) n+l’ m n+l “m*1° *Un+l?
n+l
-1 1
m+1Fn(al"°"am+1'bl""’bn’t ) r(am+l) B(am_l)‘i

-

pre



..1 - -~
92. an(al,...,am,b bn,t ) = r(°m+1)8(°m+1)Nm+1Fn(“1”'"°m+1'b1""’

1!""

b b+l bin-1 ¢ c+l cn-1 -n, _ I(c na,.n_, -a
93. n+1Fn(a’n' n ' " n 'n’n """ n yt ) T(b) B(b)ﬁ(c)t (t-1)

b b+l bin-1 ¢ ctn=1 -n, _ I(c) S
9‘0- nFn(ni n preey n ’n’o--’ n ,t ) P(b) B(b)B(C)e
95. an(al,....am;bl,...,bn;-t;’)
5 = B(-]'-)N F (1 fﬁ a_“' ."""1..‘)_1. b_lﬂ El_\_ l:'n-i'l_z-m-n-Z )
/o ¢ 2m2n 20 g 1ttt g Fg v g sttty g

96. F (a

e 1,...,am;u+v,b2,...,bn;t) - %2' A(v-1)A(v+u-1) -

0 an(al'-o-|am;\).b2'-c¢.bn;t)

97. (Vpalt'°'nam;u+\)|blo'°°'bn;t) = L}('(Lt%‘ A(V'I)A(\H’U‘l) O

w1 el
. an(al, Ble % ,am;bl, ddc ,bn;t)

by o Zitw) geypymy) -

98. T(v)

an(al, S ,am;u+v,b2, 008 ,bn;t-

1y

. ml’-‘n(al....,am;v,bz,...,bn;t-

b ;t-
n

1

)

A, o

Tyaes > vl



99.

100.

101.

102.

103.

m+an+l(V’al""

,am;u+v,b

41~

1,...,bn;L

= " (JET_;)' B(\.)E( v+p)

. an(al....,am;bl,...,bn;t

E(a,B,y:é:t) = L) T(B) B(y)NF(u,H;é;—t_l)

E(8-a,d=R,y:ézt)

E(b-a,8~F,y:dst

r(s)

- I(8=a)T(5-£) y-a=t ati-y cheop”
T’(d) B(Y)Nt (t+l) F(a,piti-t

_ Do) [(énp) S
) = L) G-I MR o 3-t)

!

)
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Confluent hypergeometric functions

10.

11.

¢(a,c;t)

$(a,c;t) =

¢(a,c;it)

$(a,cit) =
¢(a,c;t) -?(IT
*(a,cit) = Ty
¢(a,c;t) =

T(c

T(c)

..a)

)

)

d(v + lyc+2v+l;t)

2

- P (aicit) = %%:} A(a-1)E (c-1)e"

etA ((:-a-l)T\'(c-l)e-t

re)R (e-nia-v)~2
r(C)T\'(c-l)ﬁlFo(a; it)
A(o-l)Mle(a;c,o;t)
A(a-l)MOFl(c;t)

r(b)K(b-l)ﬁzFl (a,bjc;t)

- /1 T(A2v) o Ferau)e

I'(v#s)

(v + %,c+2v+l;:it) = /1 I(c+2vtl

I (vHs)

ola ezt L) = %(L;))_ B(a)B(c)el’t

o(a,c3t

1

) =e

1/¢

B(c-a)'g(c)e-l/t

A2v)R(c+2v)t

-v t/2

t
e Iv(f)

-vezit/ZJ

V2

t

= St T PSR R



12.

13.

14.

15.

17.

18.

19.

20.

21.

22.

23.

b(aest”
¢(a,c;t-
¢(a,c;t-
1

oa,cit

@(a,c;t_

d(v + %,c;t_
=T Lol & RlT Y ;_((?i))' Rpa-ETee @ e

.(t-l)c—;:\u,c;l-t) =

v(a,c;t)

p{a,c;t)

V(a,c;t)

L

1

1y

)

)

v(a,cit) =

-43=

= T ()B (c)Nt? (e-1)72

- F@F T Fytasie™

1

E S B(O)Nle(a;C,o;t

T (o)

1

@) B (a)N

. L1
OPl(c,t )

= I‘(b)‘g(b)ﬁzFl(a,b;c;t_

T T (v¥y)

1) _ /. I'(c)

I'(c)
[(c=-a)

etﬁ'(a-c+l) t 1_ce-t
1 1-c c-a-1
(a) Nt (1+t)

etB (l—c)‘B~(a—c+l)e_t

1

r(a)r(l+a-c)

NNB(1-c)t

a
e

_1)

1

B(2v+1)B(c)t¥e” "1

)

v 2/t L
v(Zt)

a-1 t-1
e

e-tA(-a)taet.(t-l)a-

-1/t



24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

y(a,cit) =

y(a,c3t) =

p(a,cit) =

v(ayest™h)

v(ayest™h

v(ayese D

v(a,etly =

y(a,c;t-1)

y(a,c;t-1)

wK+%U9A+%U

W (6) = efB(1-0B(1eu-c)e U

K=lyA

QeI

~b4-

1

l-c -t
r(a)r(l+a-c) NMA(a-1)c" "e

1

t, . l-c a-1

t

—e ___g(- )aC
ety BU-eN. (1-0)

el/t c-le-l/t

A(-1)A(a-c)t

= el/tA (-c)‘K(a-c)e.l/t

A o Vftg o mamn 880 o8-
) & A(-1)M: .(t-1)

el/t

a-c a-c
T(actl) A(-c)Mt™ ", (t-1)

= et‘B'(a-c+1)t:a-'::ﬂ‘e-t(t-l)_8

et e-1) 1" B(a)e?(e-1)° "2 1t

‘%t
(t) = L&:ﬁ-_)‘)e_ B(I_EH = )‘)3(1_;1 - A)tu/ze%tw

I (b5=x=A=u)

£ 7

(t) = e%tB(l%E = A)Eflgu = A)tU/Ze-%twK,A

(t)

K,u

(t)



36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

47.

W
<=hu A -tsu

W ()= e%tA(- Yy - ‘;")7\'(-01){Y

W ey = -e'“B(-oNc'*{Jzu(2t"’)sm(u-<)n +Y

W (t)

x
~
-~
~
"

-45-

-5t -~
-1, _ [ (smk-)de _ ., el Fa-l o -u/2 Lt -1
w'(""fu ,A'Hsu(t ) T (&=x=)=y) A= 2 A 2 Mt £ w.(,x (t ")

(t_l) = e%tA (-K)-A.(U-()e-%tw (t_l)

W
K=usA KA

(¢"ly = e 2t (- ”%1- - x)‘K(l‘z;l 4 )\)t-U/ze-!ﬁtWK A(t'l)

W () = e!’tA(Y - %)‘K(-u)ty—%e—l/t

-%e-llt

-l
5, (2t ycos(u-x)n}
[¥]

2 CNe TS -5
o AT Gy DN K, @675

- 2 e % %
KsH T (s=c+p ) T (Gs—x-p) AC-x-1)Me KZU(Zt )

W (t) = -et/ZMA(K-l)t%{Jzu(ZtL’)sin(u-K)n + qu(Zt%)cos(u-x)n}

et/ZB(u + -;-)‘E'(l-w)t!"s-“e_t

t/2

W (t) =e B(‘% - u)‘lﬁ'(l-x)tu'%e_t

M) = Dl e't/zA(-x-l)M:"IZH(zt'”i)

Kyl I‘(u-KHQ)

pos



48.

49.

50.

51.

52.

53.

54.

55.

56.
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o DA2uHD)  -t/2y 3R - Ly uet
M, @® TP & ACE-DA@M - 5)t" %

_I(2u+l)  t/2 ~ 1, u#s -t
Mool & rerrsiay & IMERLAL =G je

-l LQu¥l)  htp e 1, -u-ls 1/t
MK,U(t ) == F(U_KP’Q) e B( ()B(U + z)t e

-1, _ T(2uHl) bty -l -l
MK’u(t ) = Totee) © B(-«)Nt IZu(Zt )

= 1 -~ —jymlc -
Mool - Lutl) e BB + Dt~ "1/t

Ky T T(p-x+2) 2
Dv(t'"i) = 2”%”“?(%)&(”2
s 27 e /7t
D_zv(t ) = ) e A(v-1)Me
Dv(:"") = V2174t C1yR(- "+Tl)t"%"it
5 AT -7 Je*
D-Zv(t ) = Ty © B(v)Ne
Lt i ) D e e R -

S “'w-m“:"

e T
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List of Abbreviations, Symbols and Notations

_ . a, _ I'(a+l)
Binomial coefficient, (b) T+1)T (asbr 1)

_ I'(a+n
I (a)

(1-t)*H(1-t)

(t-1)*H(t-1)

Elementary functions

Trigonometric and inverse trigonometric functions:

sin X, cos X, tan x = sin x/cos x, c¢tn x = cos x/sin x,

sec x = 1/cos x, «c¢sc x = 1/sin x, arcsin x, arccos X, arctan x,
arcctn x

Hyperbolic functions:

(ex-e_x)/2, cosh x = (ex+e‘-x

sinh x )/2, tanh x = sinh x/cosh x,

ctnh x = cosh x/sinh x, sech x = 1/cosh x, c¢sch x = 1/sinh x.

Orthogonal polynomials

Legendre polynomials:

n
Es Tk L -1 ‘d_ 2— 0 = - . . 1—_5.
P (x) =2 "(n:) = s =10 = R (ol nrti Tl =5)
dx
{
- - ® -~ - - 14 @ ET I /™ RGP *
- e mel SN T - -‘,wt"*ﬂ"\a' ) -
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Gegenbauer's polynomials:

() = [n!r(2a)] T r(2atn) F (-0, 2abnsabl/2; 55
Chebychev polynomials:
T (x) = cos(n ar ) = F, (-n,nie; %) = 0 1in r(a)c®(x)
n(x) = cos(n arccos x ,F (Fmanigs =5 2 P -

- 2,4
Un(x) = (1-x") “sin[(n+l)arccos x]

- l1-n 34n 3, 2

= x(n+1)2Fl( 20 2 ,2,1 x7)

Jacobi polynomials:

P () = [nlr (s T (L4etn) F (o, batBeLi ] S50

Laguerre polynomials:

n
(n!)-lx—uex d (e—xxn+a

a
L7 (x)
n dx

5 1= [n!l‘(l+a)]_lF(a+1+n)lF1(—n;1+a;x)

L (x) Lg(x)
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Hermite polynomials:

n

He ()= (_l)nQXP(XZ/Z) g exp(—x2/2)
n n
dx
He, (x) = (—l)nz‘n(n!)‘l(zn)11F1(_n%;% <)

. = (=1 Mgyl ' ned,l 2
HL2n+1(x) (-1)"2 (nl) (2n+1).xlF1( n3yiy X )

3. Gamma function and related functions
r(z) = / e ae,  Rez o0
0
Beta function:
- r)rey)
B(x,y) I (x+y)
4.

Legendre functions (definition according to Hobson)

8/2
e _ _oy1-l 2kl - R 4
o) = (r-017 &Y F (cayuttilee 155
QL:(z) = 27 3/ ) et TRV a1y 2T R (200 E 2
) atptl  hfH2 Nl
165 Ty ot gz )



z 1is a point in the complex =z plane cut along the real axis

from

PP (x)
a

0" (x)
P (z2)
n

5. Bessel

-

fu

-50-

to +1.
g/2
-1 l+x 1-x
[r(1-8)] x zFl(-a.u+l,l—H, 2 ), -1 <x <1
L e—l"k[ i"P/?'Q(J(x+10) + einH/zQ[(x i0)], -1 < x <

2

PS(Z); Ql(z) = Q‘(:(Z); Pa(") = PS(X); OQ(X) = QS(X)

nctions

J (2)
v

Y (2)
\Y

H(l)(z)
\%

6. Modified

i v+2n
yer n. F(v+n+1)

ctn(nv)J (z) - csc(nv)] (z2)
v -v

(2)(2)

=J (2) +1Y (2); H =J (2) - iY (2)

Bessel functions

I (z)
\Y

K (2)
v

w

. - N0 Vs v+2n
e—xnv/ZJ (Ze1n/2) E :i 56122
v ) n:T(v+n+l)
L. csc(mu)[I_ (2)-1 (z2)]
2 -v v
% i vi“v/zH(l)(zei“/z) Sy i e—inv/ZH(Z)(ze-in/Z
\ 2 v

1

)
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7. Struve functions

vH2n+l

N _eD"e/2) R 11
H® = o Taaramesrny - 0 7 O e @)
L (2) = -t ™' ¥ (21772
v v
8. Lommel functions
8 l2) = [ (el | et B mR ﬂl 2 113 5 E 1 A3 S e
el 1521373
s @) =s () + 20T @EEL @B [sin (250 (2)-cos (HFOY ()]
Special cases of Lommel's functions:
s, @ 12" @+ HH ()
s (@)= 12" @+ DIH (@) - ¥ ()]
[e 3rye]
50,8(2) = % n csc(nS)[Jﬁ(Z) - J_E(Z)]

Sg 4(2) = 5 csc(mB) () (2) - J_ @) -1 +J_ ()]

sy g = =% £ lescrn) 1J,2) +_, ()]
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S_l'ﬁ(z) = % B_lcsc(nﬁ)[Jv(z) +J_,(2) - JV(Z) -J_ (2]

2 . )
Sl.h(z) =] + & b_l,y(z). Sl,ﬁ(z) =1+ ¢ S_l'u(z)

N Lk, _ .k
Spr2,1728) =2 i85y (@) = 2

(2) = z-B[sin z Ci(z) - cos z si(z)];

S_1/2,1/2
2
-z *[sin 2z si(z) + cos z Ci(z)]

Sy ma 2 (215

tim [P(e=0) s | @) = 22T @)

arf

Gauss's hypergeometric function

9.
i = T D Hetem £
10. Generalizced hypergeometric series
F (a,,a,,...,a ;b ,b.,...,b ;2) = r(bl)...r(bn) ji I‘(al+k)...r(am+k) EE
mn 1°72° m*T1Y 2 *“n’ F(al)---r(am) =0 F(b1+k)'-'r(bn+k) k!
11. Confluent hypergeometric functions

F(c+i) n!

(). 2 Liatn) 2"
I‘(n) - ]
n=0

1Fl(a;(‘;z) =

: s 5 e mt 5 o ol B T
1Flasasa) = o7, (Fplas2as2z) = 2 Ha+ Dz e Iu_k(z)

'%;ix) = uixlFl(l;%;-ix) = (%'"/X)B[C(x) + i S(x)]

P4

[ Y adtandnt N

P

P TR VAN

.
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Whittaker's functions:

O T e — 1.,
Ml’t(z) =z e lFl(‘ ¢+ 2,2,+l.z)
] e t(=2e) ) 1)
hl‘:(z) T(-a-e+1/2) MJ.,Z‘(L) it F(o-a4+1/2) “x.':-(l')

Special cases of Whittaker's fur tions:

M. (z) = r(1+r)22“1“<Z/2).E‘; Wy . (2) = (z/~)5KF(z/2)

L Y AR

A e . < g e e
Mo (z) =z L‘l_,/z(z), Ml/-’a,l/é(z) = -1 y eTe Erf(iz")

Parabolic cylinder function:

_ S (a¥) /2 - 2

Du(z) =2 2 w(a+’/z)/2,",(z /2)
2
D (2) = e /“uen(z), n=0,1,2,...
s 22/4 -l
D_l(z) = (n/2 ‘e Erfc(2 “z)
1

D(2) = (3 2/m) %, (22/4)

B e

-

I e s e
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=54~
Symbol Name of the Function Listed under
C:(x) Gegenbauer's polynomial 2
Da(x) Parabolic cylinder function 11
an Hypergeometric function 9,10,11
Hil’z)(x) Hankel's functions 5
Ha(z) Struve's function 7
Iv(z) Modified Bessel function 6
Jv(z) Bessel's function 5
Jv(z) Anger-Weber function 8
‘ Kv(z) Modified Hankel function 6

Lz(x) Laguerre's polynomial 2
Lv(z) Struve's function 7
Ma,B(z)

Whittaker's functions 11
wa,B(z)
Pn(x) Legendre's polynomials 2
Pia’e)(x) Jacobi's polynomials 2
PS(Z)

Legendre functions 4
PE(x)

' sy - - e A SR AR AR T, WA RN MNP I G bty b8  k e -
[ )
)
=y -l ii!!p-----ff‘""?“33FEIIHGHF=E%$,a- . . L TTT—— -j:7"'mz,”ﬁ'm-n
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Symbol Name of the Function Listed under
B
Q,(2)
8 Legendre functions 4
Q, )
8, B(:)
4 Lommel's function 8
Sa,B(z)
Tn(x)
Chebychev's polynomials 2
U (x)
n
wa 8(z) Whittaker's function 11
Yv(z) Neumann's function 5
B(x,y) Beta function 3
r(z) Gamma function 3
b
- §
W
e
B e —— M
- . 4




